for an integral homology 3-sphere M using a completed skein algebra and a Heegaard splitting. The invariant z(M )mod((A + 1) n+1 ) is a finite type invariant of order n. In particular, −a 1 /6 equals the Casson invariant. If M is the Poincaré homology 3-sphere, (z(M )) |A 4 =q mod (q + 1) 14 is the Ohtsuki series [10] for M .
Intoduction
Heegaard splitting theory clarifies a relationship between mapping class groups on surfaces and closed oriented 3-manifolds. In particular, there exists some equivalence relation ∼ of Torelli groups of a surface Σ g,1 with genus g and non-empty connected boundary, and the well-defined bijective map lim g→∞ I(Σ g,1 )/∼ → H (3) plays an important role, where we denote by I(Σ g,1 ) the Torelli group of Σ g, 1 and by H(3) the set of integral homology 3-spheres, i.e. closed oriented 3-manifolds whose homology groups are isomorphic to the homology group of S 3 . For details, see Fact 2.2 in this paper. This bijective map makes it possible to study integral homology 3-spheres using the structure of Torelli groups. See, for example, Morita [9] and Pitsch [12] [13] .
On the other hand, in our previous papers [14] [15] [16] , we study some new relationship between the Kauffman bracket skein algebra and the mapping class group of a surface. It gives us a new way of studying the mapping class group. For example [16] , we reconstruct the first Johnson homomorphism in terms of the skein algebra. Since the Kauffman bracket skein algebra comes from link theory, we expect that this relationship brings us a new information of 3-manifolds.
The aim of this paper is to construct an invariant z(M ) for an integral homology 3-sphere M using completed skein algebras and the above bijective map. In other words, the aim of this paper is to prove the following main theorem. is an embedding defined in Theorem 3.2.
We remark we do not rely on number theory for constructing the invariant. Let V be a Q-vector space. In our paper, a map z : H(3) → V is called a finite type invariant of order n if and only if the Q-linear map z : QH(3) → V induced by z : H(3) → V satisfies the condition that i∈{0,1}
for any ξ 1 , ξ 2 , · · · , ξ 2n+2 ∈ I(Σ g,1 ). The above condition and the condition that i∈{0,1} 
By [2] Theorem 1 and [3] subsection 1.8, the above condition and the condition that there exists ξ 1 , ξ 2 , · · · , ξ n ∈ K(Σ g,1 ) such that i∈{0,1}
are equivalent to each other. The invariant z :
n ) of order n + 1 for M ∈ H(3) (Corollary 3.12). In Proposition 3.13, we prove the finite type invariant
n ) of order n + 1 is nontrivial, where we use a connected sum of the Poincaré spheres.
Furthermore, we give some computations of this invariant z for some integral homology 3-spheres. As a corollary of this computation, the coefficient of (A 4 − 1) in z is (−6) times the Casson invariant. On the other hand, Ohtsuki [10] defined the Ohtsuki series τ :
. This lead us the following. The author would like to thank Kazuo Habiro, Gwénaël Massuyeau, Jun Murakami and Tomotada Ohtsuki for helpful comments about finite type invariatns of integral homology 3-spheres. The author must make special mention of Genki Omori, who explain the works of Pitsch [13] in order to prove Lemma 2.5. This work was supported by JSPS KAKENHI Grant Number 15J05288 and the Leading Graduate Course for Frontiers of Mathematical Sciences and Phsyics.
Mapping class grups and closed 3-manifolds
Let Σ g denote an closed oriented surface of genus g standardly embedded in the oriented 3-sphere S 3 . The embedded surface Σ g separates S 3 into two handle bodies of genus g,
g is a diffeomorphism. We fix an closed disk D in Σ g and denote by Σ g,1 the closure of Σ g \D. The embedding Σ g → S 3 determines two natural subgroups of
def.
= Diff
.
be the Torelli group of the surface Σ g,1 , which is the set consisting of all elements of M(Σ g,1 ) acting trivially on H 1 (Σ g,1 ). We remark that there is a natural injective stabilization map M(Σ g,1 ) → M(Σ g+1,1 ), which is compatible with the definitions of the above two subgroups.
Fact 2.2 (For example, see [9] [12] [13] ). The map
is bijective, where H(3) is the set of integral homology 3-spheres, i.e.,closed oriented 3-manifolods whose homology group is isomorphic to the homology group of S 3 .
We denote IM(H g,1 )
Lemma 2.3 ( Pitsch [13] , Theorem 9, P.295, Omori [11] ). For ∈ {+, −}, the subgroup IM(H g,1 ) is generated by
where the simple closed curves c a , c a , c b and c b are as in Figure 1 . Proof. We prove the lemma in the case is +. Let
By [7] , Theorem N4, p.168,
is generated by
where we denote by x * the element of
This proves the case that is +. If is −, replacing a by b, the same proof works. This finishes the proof. )) is onto. For two elements ξ 1 and ξ 2 ∈ I(Σ g,1 ), ξ 1 ∼ ξ 2 if and only if there exist η G ∈ G, η
Proof. Pitsch proved the above claim in the case
. The proof is based on the fact that the natural map M(H )) is onto. Therefore, the proof of [13] Lemma 4 works for this lemma.
We construct a subgroup of M(H
be the subgroup generated by {h i |i ∈ {1, 2, · · · , g}} ∪ {s ij |i = j} where we denote by h i and s ij the half twist along c h,i as in Figure 2 and the element t ci,j t ca,i −1 t c b,j −1 as in Figure 3 and Figure 4 . Since this subgroup G satisfies the condition in the above lemma, we have the following. 
Proof of main theorem 3.1. Completed Kauffman bracket skein algebras and Torelli groups. Let Σ be a compact connected oriented surface. We denote by T (Σ) the set of unoriented framed tangles in Σ × I. Let S(Σ) be the quotient of Q[A.A −1 ]T (Σ) by the skein relation and the trivial knot relation as in Figure 5 . We consider the product of S(Σ) as in Figure 6 |L| → 0 for L ∈ T (Σ). In [15] , we define the filtration {F n S(Σ)} n≥0 satisfying
By the second equation, we can consider the Baker Campbell Hausdorff series ), where x is the greatest integer not greater than x for x ∈ Q.
In our previous papers [14] [15] [16], we study a relationship between the Kauffman bracket skein algebra and the mapping class group on a surface Σ. Let S(Σ) be the completed Kauffman bracket skein algebra on Σ and S(Σ, J) the completed Kauffman bracket skein module with base point set J × { 1 2 } for a finite subset J ⊂ ∂Σ. In [14] , we prove the formula of the Dehn twist t c of a simple closed curve c
where
We obtain the formula by analogy of the formula of the completed Goldman Lie algebra [5] [6] [8] . We define the filtration {F n S(Σ)} n≥0 in [15] . We consider F 3 S(Σ) as a group using the Baker Campbell Hausdorff series bch where g > 1.
We remark that I(Σ g,1 ) is generated by {t c1c2 def.
= t c1 t c2 −1 |(c 1 , c 2 ) : BP} where a BP (bounding pair) is a pair of two simple closed curves bounding a submanifold of Σ g,1 . By analogy of [6] 6.3, we have the following. 
for any ξ ∈ I(Σ g,1 ) and any finite subset J ⊂ ∂Σ g,1 .
We remark that ζ(t c ) = L(c) for a separating simple closed curve c. Let e be an embedding Σ g,1 × [0, 1] satisfying the following conditions e |Σg,1×{
We call this embedding a standard embedding. We denote by e * the Q[
induced by e. The following is our main theorem. 
By definition, we have the followings.
Proposition 3.4.
(1) The kernel of ι + is a right ideal of S(Σ g,1 ).
(2) The kernel of ι − is a left ideal of S(Σ g,1 ). (3) We have e * (ker ι ) = {0} for ∈ {+, −}.
Lemma 3.6.
(1) Let c a , c a , c b and c b be simple closed curves as in Figure 1 .
(2) Let c a,i , c b,j and c i,j be simple closed curves as in Figure 3 or Figure 4 .
For ∈ {+, −}, we have
By Lemma 2.5, in order to prove Theorem 3.3, it is enough to check the following lemmas.
Lemma 3.7. For any i, we have e * • h i = e * . Furthermore, we have Z(h i ξh
Proof. The embeddings e • h i and e are isotopic. This proves the first claim. Using this, we have e * (ζ(h i ξh (ξ) ). This proves the second claim. This proves the lemma. Proof. We fix an element x of S(Σ g,1 ). We have (c b,j )) )(x). Using Lemma 3.6(2) and Proposition 3.4 (1)(2)(3), we have e * (exp(σ(L(c i,j )−  L(c a,i ) − L(c b,j )) )(x)) = e * (x). This proves the first claim. Using this, we have e * (ζ(s ij ξs −1 ij )) = e * • s ij (ζ(ξ) ). This proves the second claim. This proves the lemma.
Lemma 3.9.
(1) We have Z(ξη + ) = Z(ξ) for any ξ ∈ I(Σ g,1 ) and any
Proof. We prove only (1) (because the proof of (2) is almost the same.) By Proposition 3.5, we have Z(ξη
Lemma 3.6 and Proposition 3.4 (1)(3), we obtain
This proves the lemma.
Proof of Theorem 3.3. By Fact 2.2 and Lemma 2.5, it is enough to check the following
} and any i = j. The above lemmas prove these equations. This proves the Theorem.
This invariant satisfies the following conditions.
where M 1 M 2 is the connected sum of M 1 and M 2 .
Proof. Let ι 1 : Σ 1 → Σ g,1 and ι 2 : Σ 2 → Σ g,1 be the embedding maps as in Figure  7 . The embedding maps induces
,
We remark e * (ι 1 (x 1 )ι 2 (x 2 )) = e * (ι 1 (x 1 ))e * (ι 2 (x 2 )) for x 1 ∈ S(Σ 1 ) and
This proves the proposition.
We remark that ζ −1 (F 3 S(Σ g,1 )) equals I(Σ g,1 ) and that ζ −1 (F 4 S(Σ g,1 )) equals the Johnson kernel.
Proof. We have
n+1 ) is a nontrivial finite type invariant for M ∈ H(3) order n.
Proof. It is enough to show that there exists
n L be simple closed curves as in Figure 8 . We denote c i def.
is the Poincaré homology 3-sphere. By the computation in section 4 and Proposition 3.10,
By the computation in section 4, the coefficient of A 4 − 1 in the invariant z for the Poincaré homology 3-sphere is −6. Since the casson invariant is the unique nontrivial finite type invariant of order 1 upto a scalar, we have the following. 
Example
Let c 1 , c 2 and c L be simple closed curves in Σ g,1 as in Figure 9 . We consider integral homology 3-spheres M ( 1 , 2 , 3 ) def.
where t 1 def.
= t c1 and t 2 def.
= t c2 . For ∈ {±1}, the manifold M (1, −1, ) M (−1, 1, ) is the integral homology 3-sphere obtained from S 3 performing the -surgery on the figure eight knot 4 1 , which is e(t −1
). For ∈ {±1}, the manifold M (1, 1, ) is the integral homology 3-sphere obtained from S 3 performing the -surgery on the trefoil knot 3 1 , which is e(t 1 • t 2 (c L )). For ∈ {±1}, the manifold M (−1, −1, ) is the integral homology 3-sphere obtained from S 3 performing the -surgery on the mirror −3 1 of the trefoil knot, which is e(t −1
2 (c L )). In particular, M (1, 1, 1) is the Poincaré homology sphere. We remark that M (1, −1, 1) and M (−1, −1, −1) are the same 3-manifold. By straight forward computations using Habiro's formula [4] for colored Jones polynomials of the trefoil knot and the figure eight knot, we have the following. We remark that we compute z(M (1, −1, 1)) = z(M (1, 1, −1) ) (rep. z(M (1, −1, −1)) = z(M (−1, −1, 1) )) by two ways Z(t t1•t2 −1 (c L ) ) = Z((t t1•t2(c L ) ) −1 ) (resp. Z((t t1•t2 −1 (c L ) ) −1 ) = Z(t t1 −1 •t2 −1 (c L ) ). 
